In this talk, we will discuss phenomenology of new physics associated with neutrinos, in particular, non-standard neutrino interactions, non-unitarity of the lepton mixing matrix, and secret neutrino interactions mediated by a light field.
Variations of the oscillation probability for ν µ → ν e at the DUNE experiment with the change of the NSI parameters in their allowed ranges [1] .
What is this talk about?
The title given to me is "Beyond Standard Neutrino Theory" which can contain all the exotic features of neutrinos. It is too broad to make it fit with a 25 minute talk. Here, I would like to focus on the following three topics; #1. Non-standard neutrino interactions (NSI) parameterized with four-Fermi interactions, #2. Non-unitarity of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, and #3. Secret neutrino interactions, where we will discuss the interactions between neutrinos and invisible particles such as dark matter fields and also neutrinos. This category mainly denotes a new force with neutrinos, which is mediated by a field with a mass lighter than the electroweak scale.
Non-standard neutrino interactions
NSIs are the four-Fermi interactions with neutrino, which are expected to appear in general, if the standard model is an effective theory of fundamental theories realized at the high energy scales, e.g., 2)
The neutral current (NC) type NSI with two neutrinos affects the neutrino propagation Hamiltonian as an additional matter effect potential term V NSI . If we have a charged current (CC) type NSI with a neutrino and a charged lepton, it modifies the initial and the final states in neutrino oscillation amplitudes. There is still a plenty of room left for them. Particularly, the NC type NSIs are still phenomenologically allowed to be as large as the order of 0.1 or even the order of 1. For the current upper bounds of the NSI parameters, see e.g., Ref. [2] . As we will see later, it is not so easy to have NSIs with the size of unity in a theoretical point of view. However, we should not exclude the possibilities allowed phenomenologically. In Fig. 1 taken from Ref. [1] , one can find how much the oscillation probability for ν µ to ν e at the DUNE experiment can be modified by the variations of the NSIs in their allowed ranges. Here I would like to overview the phenomenological studies on NSIs, categorizing them into two groups; One is NSIs as noise in the determination of the standard oscillation parameters and the other is NSIs as a signal of new physics. [Left] With |ε m eτ | = 0.04, the oscillation probability of NH (red) overlaps with that of IH (blue) [3] .
[Middle] The best-fit value δ fit of the CP violating phase is shifted by the introduction of ε m ee [4] . [Right] With |ε m eτ | = 0.05, the ellipses for the lower octant (LO) cases in the bi-probability plane is no more clearly separated from that for the higher octant (HO) cases [5] .
NSIs as noise
NSIs disturb the determination of the standard oscillation parameters. Here I would like to discuss the impact of the noise made by the NSIs at the DUNE experiment. The normal hierarchy (NH) case in the standard oscillation scenario is clearly separated from the inverted hierarchy (IH) case at the beam peak (2-3 GeV) of DUNE. However, these two cases start overlapping each other, if NSIs are introduced with the size of the order of 10 −2 , as shown in the left plot of Fig. 2 [3] , and consequently, the sensitivity to the mass hierarchy is reduced [3, 6, 7] . The NSIs also confuse the fit value of the CP violating phase δ [4, [8] [9] [10] [11] [12] [13] . The middle plot in Fig. 2 [4] shows that the best-fit value δ fit suggested by the DUNE experiment is shifted from the true value δ true by the introduction of ε m ee . A serious problem here is, since the fit is not bad (the χ 2 is reasonably small), the result looks consistent with the standard oscillation scenario, and therefore, we cannot tell if we have exotic effects or not. NSIs also affect the determination of the octant of the 2-3 mixing angle [5, 14, 15] ; See the right plot in Fig. 2 [5] . The NSIs can be a serious noise of the parameter determination at the forthcoming long baseline experiments -How can we reduce this noise?
Here I would like to discuss three possibilities. The first thing we can do is to combine the result of T2(H)K which has shorter baseline than DUNE has. Thanks to that, T2(H)K is less affected by the matter effect and the matter related effects including the NC type NSIs. The authors of Ref. [12] shows that the best-fit value of δ at T2K stays at the true value point even with the ε m ee with the size of ∼ 1, although the χ 2 for the fit of δ is damaged a bit. This study suggests that T2(H)K can determine δ regardlessly of the existence of the matter NSIs. After the determination of δ at T2(H)K, the determination of mass hierarchy (and discrimination of non-standard effects) at DUNE becomes easier -DUNE and T2HK are a nice synergetic combination. We can take a step forward to this direction; Having a new experiment with a shorter baseline and a good profile beam. As shown in the left plot in Fig. 3 taken from Ref. [16] , the fit value of δ (horizontal axis) at the MOMENT experiment with a baseline of 150 km does not depend on the value of the NSI ε m ee at all. There are some plans of muon-based neutrino sources -MOMENT (muon decay in flight) [17] , DAEdALUS/IsoDAR (muon decay at rest) [18] , and NuSTORM (muon storage ring) [19, 20] . The neutrino beam spectra from those sources are very precisely known, and the intensity of those beams is expected to be high. A high-intensity and relatively low-energy conventional neutrino
To reduce the noise from NSIs in the determination of the standard oscillation parameters.
[Left] Combination with an experiment with a shorter baseline; The MOMENT experiment with the baseline of 150 km can determine δ regardlessly of the matter NSIs [16] .
[Right] Constraints from non-oscillation experiments; The recent COHERENT result excludes the NSIs for the dark solar solution in the case where the NSIs are mediated by a heavy field [24] .
beam at the European Spallation Source (ESS) is also planed [21] . Such short-baseline, lowenergy, and high-intensity oscillation experiments help reduce the noise from matter NSIs in the determination of the standard oscillation parameters.
The second way to reduce the noise is the use of the results of non-oscillation experiments. In fact, the current experimental bounds to the NSIs are mainly placed by non-oscillation experiments. Recently, the COHERENT experiment has measured the coherent elastic neutrino-nucleon scattering (CEνNS) process for the first time in the history [22] and shows that the cross section is consistent with the standard model prediction. The result suggests that the NSI parameters for the Dark solar solution [23] is now excluded at 3 sigma (cf. the right plot in Fig. 3 [24] ) if the mass of the field that mediates the NSIs is taken to be heavier than dozens of MeV [25] . This example tells us that the improvement of non-oscillation neutrino experiments is crucially important to exclude the possible disturbance from large NSIs.
Finally, I would like to remark the importance of tracing out the oscillation curves in a wide range of L/E. The distortion in the oscillation curves, which is caused by NSIs, has a characteristic L/E dependence. In the high energy limit with a fixed L, all the standard oscillation terms drop quickly as 1/E 2 or 1/E 3 . The NSI terms of ε m eµ in ν µ → ν e , can stay in the high energy limit, because they depend on 1/E, and consequently, it is easy to extract the information of this NSI effect from the oscillation probability at the high energy region. We can separate the NSI effects from the standard oscillation effects and also can separate the different NSI effects by observing the oscillation curves in a wide energy range. Under the standard oscillation assumption, a focused-energy (narrow-band) beam is convenient to determine the oscillation parameters. However, scanning the oscillation probabilities over a wide energy region might be also important to discriminate the non-standard effect and establish the standard oscillation scenario (or discover the exotic effects).
NSIs as signal
There are also many studies on the sensitivities to NSIs at future oscillation experimentsNot only at accelerator based experiments but also atmospheric neutrino experiments. Now, the IceCube starts participating in this game [26, 27] . At Fig. 4 , I would like to introduce a few plot for the sensitivities at DUNE and T2HK, which is taken from Ref. [28] . With the combination of these two experiments, we can explore the NSIs with the size of 0. 
Model building for NSIs
Here I would like to discuss briefly some theoretical aspects of NSIs. Large NSIs such as order of unity are still phenomenologically allowed -Even some of the small tensions in oscillation experiments suggest large NSIs [34] [35] [36] . Of course, we should pay attention to the possibilities allowed phenomenologically. However, it is not so easy to accommodate with large NSIs. Naively thinking, a mass dimension-six four-Fermi interactions consists of two fundamental interactions mediated by a field such as Z ′ , a leptoquark, etc. Setting the couplings of the fundamental interactions to be unity and the mass of the mediator to be TeV, we have the NSI with the size of the order of 10 −2 for the effective coupling ε, which is a kind of a natural size of NSIs we can expect. However, if there is a TeV field with such a large coupling with charged fermions, we should have already found it at the LHC -This naive estimation tells us that the NSIs should be smaller than O(10 −2 ). In addition, the NSIs originated from this type of dimension-six operators appear always with the SU (2) counter part with charged leptons. We have to take account of the constraints from the charged lepton counter process. The exhaustive studies on the dimension-six NSIs were already done in 1990s [37] [38] [39] [40] , and it turned out that the charged lepton processes constrain the NSIs at the level of 10 −3 in general. To avoid the constraints from the charged lepton processes and enjoy the upper bounds of NSIs, the use of dimension-eight operators (LL)(f f )(H † H) with four fermions and two Higgs fields was proposed [41, 42] . The dimension-eight operators do not contain the charged lepton counter part, because the SU (2) on the operators is violated with the Higgs fields. However, they are not free from everything. Here I would like to introduce two arguments on the constraints to the dimension-eight NSIs. First, we have to think about the origin of the effective operators. If the NSI is so large as order unity, it should be mediated by tree-level diagrams. The decomposition of the operator to the tree-level diagrams leads to either dimensionsix NSIs (νν)(f f ) or dimension-six non-unitary operators (ν∂ · γν)(H † H) or both [43, 44] . We can still think of the situation where those dimension-six operators are, somehow, cancelled and only the counter-part-free dimension-eight-origin NSI survives. However, the second argument comes. With the dimension-eight operators such as (LL)(f f )(H † H), one can close the outer lines and draw one-loop dimension-six operator (LL)(f f ), and the loop contribution is quadratically divergent [45, 46] . To regularize this divergence, we need to introduce the dimension-six operator (LL)(f f ) as the counter term. Consequently, we have to have the dimension-six operator in the effective Lagrangian. This means, we are essentially working with dimension-six NSI models. It may be not impossible to solve all these dimension-six mess by adding the terms and tuning the couplings, but as we have seen, it is not so easy to obtain NSIs with the size of their upper bound. Recently, an alternative way has been discussed to obtain large NSIs, which is NSIs mediated with light mediators [47] [48] [49] [50] [51] . One can obtain the NSIs with the size of 10 −2 with a ∼10 MeV mediator with a faint interaction with the couplings of ∼ 10 −5 , instead of the TeV mediator with order-one couplings. A new force mediated by a light field is a kind of trend now, and there are many discussions recently in various contexts, such as cosmic neutrino spectrum, muon anomalous magnetic moment, cosmology (e.g., Refs [52, 53] ), lepton flavour non-universality in B-physics (e.g., Ref. [54] ), etc. Neutrino interactions with a light mediator are often labeled as secret neutrino interactions. In the last section, I would like to discuss a scenario of the light leptonic force related to the cosmic neutrino spectrum and muon g − 2.
Non-unitarity
Let us turn the topic to the unitarity violation. Although the unitarity is a fundamental feature which is related to the conservation of the probability, the unitarity in the system of active neutrinos can be violated in general. The 3-by-3 PMNS matrix may be a part of the full lepton mixing matrix which is unitary. The extra flavours/generations can or cannot participate in oscillation, depending on their masses (e.g., Ref. [56] ). If the extra generations are light enough to partici-pate in oscillations, we can expect the oscillation signals driven by the extra ∆m 2 s. If the extra generations are heavy and cannot participate in the neutrino propagation process, we do not have the extra oscillation signals but the mixing matrix appears in the oscillation probabilities becomes non-unitary [57, 58] -The scenario that neutrinos are mixing with heavy neutral fields is called Minimal Unitarity Violation (MUV) [58] . If neutrinos decay into invisible debris, the Hamiltonian that describes the time evolution of the neutrino system is no more hermitian [59] [60] [61] . In such a case, the mixing matrix is not unitary in general.
Our current knowledge on the elements of the PMNS matrix is nicely summarized in Fig. 5 , which is taken from Ref. [55] -The authors fit the elements without assuming the unitarity relations of the PMNS matrix. Since the current oscillation results can be explained with the 3-by-3 unitary PMNS matrix, the best-fit values of all the elements are consistent with the unitary case. Here you can see that the normalization of the oscillation probabilities set by no-oscillation results in short baseline experiments are important to constrain the elements, in particular, in the µ and the τ rows.
In the MUV regime, the non-unitary PMNS matrix N can be parameterized with a hermitian matrix η αβ (α, β ∈ {e, µ, τ}) as
where U is the unitary part. 1 The elements of η αβ are constrained from the mass of the W boson, the Weinberg angle, muon decay rate, lepton-flavour-violating processes etc. at the level of 10 −3 to 0.05 [64] [65] [66] [67] [68] . The non-unitarity η modifies oscillation probabilities as a combination of the NSIs [65, 69] , and the size of the ε parameters induced by the non-unitarity effect corresponds in general to the order of η. Therefore, the η with the size of 0.05 can be a noise in the parameter determinations at the forthcoming experiments. The constraints to the non-unitarity in the MUV scenario at the future oscillation experiments are discussed in e.g. Refs. [65, 70] .
Unitarity triangle
We have seen that the current oscillation results are consistent with the unitary PMNS matrix. Is there a way to check the unitarity through the oscillations? -This question was addressed in Refs. [55, [71] [72] [73] . In principle, the unitarity of the PMNS matrix can be checked by using one oscillation channel. With the unitary PMNS matrix U αi , the oscillation probability in vacuum for ν µ → ν e consists of the following four terms at the orders of |U e3 | 2 , ∆m 2 21 |U e3 |, and (∆m 2 21 ) 2 ;
1 There is another popular way to parameterize the deviation from the unitarity in the MUV [11, [62] [63] [64] . For the relation between two parameterizations and the current and future bounds in both the parameterization schemes, see Ref. [65] . GeV cm Figure 6 : Examples of the studies on secret neutrino interactions.
[Left] The interaction between sterile neutrinos, which is mediated by a field with M 10 MeV, suppresses the active-sterile mixing during the BBN era [76] .
[Right] The L µ − L τ interaction mediated by the gauge field with a MeV scale mass can reproduce the gap in the cosmic neutrino spectrum and can simultaneously explain the discrepancy in the muon g − 2 [77] .
Since all the terms have different energy dependencies, one can separate them by tracing out the oscillation probability in a wide energy range and can know the coefficients of these four terms independently. Combining the information of the coefficients A, D, (lengths of the sides), and B (the angle between the sides), one can construct a unitarity triangle. The coefficient C is the Jarlskog invariant which is directly proportional to the area of the triangle [74, 75] . In short, we can check the unitarity by comparing the information brought by A, B, and D and the information of C [71, 73] . This method is spoiled at the high energy region, because the A, the B, and the D terms behave in the same way as ∝ 1/E 2 and they cannot be separated any more. Therefore, to carry out this unitarity check, we need to measure the oscillation probability with high precision in the relatively low-energy region. It is tough in the experimental sense, but in principle, we can do.
Secret neutrino interactions
Finally I would like to discuss secret neutrino interactions [78] [79] [80] -neutrinos may communicate with the other invisible stuffs or communicate with neutrinos through unknown forces. In a broad sense, NSIs are also in this category, but here we are more interested in the interactions mediated by light fields (lighter than the electroweak scale). They are recently discussed in various contexts. For example, in Refs. [76, 81, 82] , the authors introduced a new gauge force that only sterile neutrino can feel. Thanks to the force, the sterile neutrinos in the early universe get the potential from thermal bath and the active-sterile mixing is suppressed; See the left plot in Fig. 6 . This helps the sterile neutrinos to escape the constraint from the effective degree of freedom of the radiation in the era of the Big Bang nucleosynthesis (BBN).
Here I would like to introduce a study on the effect of a secret neutrino-neutrino interaction on the cosmic neutrino spectrum. In 2013, the IceCube collaboration announced the first discovery of the high-energy cosmic neutrino events with the energy of peta electron volts [83, 84] . After the discovery, they have accumulated the events, and now we can know the spectrum of the cosmic neutrinos. Although the statistics are still not enough to conclude the shape of the spectrum, it start showing some intriguing features (Ref. [85] for 6-year data) -Non-power-law spectrum may be a hint to new physics. A popular idea is, the peaks in the spectrum are made by the decays of the dark matter fields . The other idea is, the gap in the spectrum is made by a resonant scattering; Originally, the spectrum follows a power-law, but the cosmic neutrinos with a particular energy are resonantly scattered with the cosmic neutrino background during their travel to the Earth and lose their energies [49, 77, [120] [121] [122] [123] [124] [125] [126] [127] . In this scenario, the gap in the spectrum can be understood as the signal of the new neutrino-neutrino interaction. To scatter the sub-PeV cosmic neutrinos resonantly, the new neutrino-neutrino interaction should be mediated by a new field with a mass around the MeV scale. The coupling of the interaction should be larger than 10 −4 so that the cosmic neutrino can get the scattering at least once during their travels of extra galactic distances∼Gpc. In the model with the L µ − L τ gauge symmetry, the relevant parameter region is still allowed, and in addition, the parameter set can also explain the long-standing discrepancy between theory and experiment in the muon anomalous magnetic moment. As shown in the right plot in Fig. 6 , the gap in the cosmic neutrino spectrum is reproduced with the model parameters that can explain the discrepancy in the muon g − 2. Searches for the light L µ − L τ gauge boson have been discussed recently in Refs. [128] [129] [130] (at lepton colliders), [131] (in meson decays), [132, 133] (at beam dump experiments), and [134] (in the trident process with atmospheric neutrinos).
Summary
In this talk, we have discussed the items listed below • Non-unitarity of the PMNS matrix Fits without the unitarity assumption.
Current bounds in the MUV scheme.
A way to test the unitarity triangle with neutrino oscillations.
• Secret neutrino interactions -Interactions between neutrinos and invisibles mediated by light fields
There are many studies in various contexts recently. We have a look at some examples.
We are not who we were 5 years ago -We know θ 13 and are going to know the CP phase and the mass hierarchy in the next years. It is a good time to think over the plan for the future experiments, taking the possibilities of exotics into consideration. In this talk, I would like to emphasize that it is important to measure oscillation patterns with high precision and check if they are consistent with the standard oscillation scenario without putting any assumption and bias.
